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Abstract 

We show that if p is a prime, then all elliptic curves defined over the cyclotomic Zp-extension of Q 
are modular. 


1 Introduction 

Our goal in this paper is to prove the following theorem: 

Theorem 1. Letp be a prime, and let F be a number field which is contained in the eyclotomic hp-extension 
ofQ. Let E be an elliptic curve over F. Then E is modular. 

We recall that an elliptic curve E over a number held F is said to be modular if there is a regular 
algebraic automorphic representation tt of GL 2 (Ap) which has the same L-function as E. This is one 
of several equivalent formulations; if F is totally real, then tt will be generated by vectors which can be 
interpreted as Hilbert modular forms of parallel weight 2. 

The modularity of a given elliptic curve E has many useful consequences. It implies that the 
L-function of E has an analytic continuation to the whole complex plane, allowing one to formulate the 
Birch-Swinnerton-Dyer conjecture for E unconditionally. When the order of vanishing of the L-function at 
the point s = 1 is at most 1, this conjecture is almost known in many cases [ZhaOl) . 

The modularity of all elliptic curves over Q has been known since work of Wiles and Breuil, Conrad, 
Diamond, and Taylor |Wil95] . |TW95) . [CDT99) . [BCDTOf] . Attempts to generalize this work to fields other 
than Q have all followed Wiles’ original strategy: one first proves automorphy lifting theorems. For curves 
satisfying the conditions of these theorems, one attempts to verify the residual automorphy. One then hopes 
that curves not satisfying the conditions of these theorems can be enumerated and checked explicitly to be 
modular. 

This strategy has recently been used by Freitas, Le Hung, and Siksek to establish the modularity 
of all elliptic curves over real quadratic fields [FLHSj . They use automorphy lifting theorems of Kisin to 
reduce the result to a calculation of real quadratic points on a finite list of modular curves; they then carry 
out some formidable calculations to check that these points also correspond to modular elliptic curves. 

In this paper, we use an automorphy lifting theorem established recently by the author which extends 
the domain of validity of Kisin’s theorems |Tho] , and reduces the modularity of elliptic curves over a given 
totally real field F with ^/E ^ F to checking the modularity of elliptic curves corresponding to rational 
points on two modular curves (one of which is Ao(15), and the other of which is a genus 1 curve isogenous 
to Ao(15)). We then use Iwasawa theory to check that these curves acquire no new rational points in any 
cyclotomic Zp-extension of Q. 
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2 The proof 

If F is a number field, we write Gp for its absolute Galois group (relative to a fixed choice of algebraic closure). 
If E is an elliptic curve defined over a number field F, and p is a prime, then we write pE,p '■ Gp —>■ GL 2 (Zp) 
for the associated representation of the absolute Galois group of F on the p-adic Tate module of F, and 
p^ p : G_f —>■ GL 2 (Fp) for its reduction modulo p. Both of these representations are defined up to conjugation 
by elements of GL 2 (Zp). We write (p for a choice of primitive p**' root of unity in the algebraic closure of F. 

Theorem 2. Let E be an elliptic curve over a totally real number field F, and suppose that (at least) one 
of the following is true: 

1. The representationis absolutely irreducible. 

2. \/5 ^ F, and pp 5 is irreducible. 

Then E is modular. 

Proof. The first part follows from results of Kisin and Langlands-Tunnell, see |FLHS1 Theorem 3]. The 
second part, in the case where p^; 5 remains absolutely irreducible on restriction to Gp(^(^^), is a consequence 
of the first part and the 3-5 switch of Wiles, described in loc. cit.. The second part in the remaining case is 
[Thol Theorem 1.1]. □ 

Following [FLHSl §2.2], we introduce modular curves X{s3,b5) and X{b3,b5). These are smooth, 
projective curves over Q. Loosely speaking, for a number field K the non-cuspidal iF-points of X(s3,65) 
correspond to isomorphism classes of elliptic curves E such that 'pp siGp) is contained in the normalizer of 
a split Gartan subgroup of GL 2 (F 3 ) and 'pp^^iGp) is contained in a Borel subgroup of GL 2 (F 5 ) (i.e. E has a 
F-rational 5-isogeny). The non-cuspidal F-points of X{b3,b5) correspond to isomorphism classes of curves 
which are endowed with a F-rational 15-isogeny. 

Lemma 3. Let F be a totally real field such that \/5 ^ F. 

1. If E is an elliptic curve over F which is not modular, then E determines an F-rational point of one 
of the curves X{s3,b5), X{b3,b5). 

2. IfF/Q is cyclic and X{s3,b5){F) = X(s3,65)(Q), X(b3,b5){F) = X{b3,b5){Q), then all elliptic curves 
over F are modular. 

Proof. The first part is a consequence of Theorem [5] and |FLHSl Proposition 4.1]. The second part is a 
consequence of the first part, the modularity of all elliptic curves over Q, and cyclic base change for GL 2 
[Lan80| . □ 


We can make these modular curves explicit: 

Proposition 4. The curve X(63, 65) is isomorphic over Q to the elliptic curve 

El ■. y"^ xy y = — 10 a: — 10 

of Cremona label 15A1. The curve X{sS,b5) is isomorphic over Q to the elliptic curve 

E 2 : y^ xy y = x^ x"^ — 5x 2 

of Cremona label 15A3. Both curves have group of rational points isomorphic to Z/2Z 0 Z/4Z. They are 
related by an isogeny of degree 2. 

Proof. See [FLHSi Lemmas 5.6, 5.7]. □ 

By Lemma 131 the proof of Theorem [T] is therefore reduced to the following result: 
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Theorem 5. Let p be a prime, let i S {1,2}, and let Qco denote the cyclotomic Zp-extension of Q. Then 
E^iQoo) = E,{Q). 

Proof. We just treat the case of i? = Ei, since the other case is extremely similar (because Ei,E 2 are related 
by a 2-isogeny). We first show £'(Qoo)*°’^^ = E{Q) by studying the Galois representations of E. It is known 
that the Galois representation pE.i ■ Gq —>■ GL 2 (Z;) is surjective for all primes I > 3. (For example, this can 
be shown using |Ser721 Proposition 21] and the fact that E has minimal discriminant 15'^.) It follows that 
for any prime I > 3, we have i?(Qoo)[^“] = 0. To address the 2-power torsion, we appeal to the calculation 
by Rouse and Zureick-Brown of the image pE ,2 (Gq) [RZB] , They show that this subgroup of GL 2 (Z 2 ) is 
the pre-image of the subgroup G C GL 2 (Z/ 8 Z) which is (up to conjugation) generated by the following 
matrice^: 

G = 

This group has order 16. In particular, pep^Gq) is a pro-2 group, and if p > 2 then pe, 2 (,Gq^) = pe, 2 {Gq) 
and hence if(Qoo)[2°°] = i?(Q)[2°°]. If p = 2, then pe, 2 {Gq^) = {g G Pe, 2 {Gq) \ det(p)^ = 1}. We calculate 
that the subgroup of G consisting of matrices with determinant ±1 is given by 


5 4 
2 3 


1 0 
0 5 


1 4 
0 5 


1 0 
4 5 


H = 



5 

2 


4 

3 


5 0 
2 3 



We have (fLj'EL x ZjKL)^ = ifLj'EL x and this easily implies that if(Qoo)[2°“] = i?(Q)[2°°] in 

this case also. (We checked these group-theoretic calculations using Magma |BGP97| .l Since the group 
is the product of its 1-primary components, we have now shown it to be equal to E{Q). 

We now show that the group E{Qoc) is finite, using results in Iwasawa theory. Since we already 
know if(Qoo)*”** = ^'(Q)) this will prove the theorem. Calculations of Greenberg [Gre991 p. 136] in the case 
p = 2 show that the 2-adic A-invariant of E is trivial, hence i?(Qoo) is finite. We can therefore assume that 
p > 3. It is known (cf. the tables in |Cre97] l that the L-function of E satisfies L{E, 1)/LIe = 1/8. The 
product Tam(£') of the Tamagawa numbers of E is equal to 8 . 

If p > 3 is a prime of good ordinary reduction for E, then by [Gre991 Proposition 3.8], to show E{Qoo) 
is finite it is enough to show that Selp(if) = in(£')[p] is trivial and Op ^ 1 mod p. We have Op ^ 1 mod p 
if and only if p divides the group £’(Fp). If this happens then 8 p divides E(Fp), which contradicts the 
Basse bound. The triviality of Selp(i?) follows from results of Kato and the fact that L{E, 1)/LIe is a p-adic 
unit, see |Kat04[ Theorem 17.4] or |SU14[ Theorem 3.35] for a convenient reference. If p is a prime of good 
supersingular reduction, then the finiteness of if(Qoo) follows from results of Kato and Kurihara [Kur021 
Theorem 0.1] and the fact that L{E, \)/LIe is a p-adic unit. It remains to treat the primes p = 3, 5 of bad 
reduction of E. In either case, it follows from [Skil Theorem C] and the fact that L{E, \)/LIe is a p-adic 
unit that Selp(i?) is trivial. The finiteness of E{<Qoo) then follows from the discussion on [Gre99[ pp. 92-93], 
on noting that E has non-split multiplicative reduction at p = 3, and split multiplicative reduction at p = 5, 
where the £-invariant lies in pZ^ . This completes the proof. □ 
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